Revisiting the vector form factor at next-to-leading order in 1 /Nc 
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Abstract 

Using the Resonance Chiral Theory lagrangian, we perform a calculation of the vector form factor of the pion at 
the next-to-leading order (NLO) in the 1 /Nc expansion. Imposing the correct QCD short-distance constraints, one 
determines it in terms of F, Gy, Fa and resonance masses. Its low momentum expansion fixes then the low-energy 
chiral couplings Lq and Css - C90 at NLO, keeping full control of their renormahzation scale dependence. At fio = 
0.77 GeV, we obtain L r 9 (po) = (7.6 ± 0.6) • 10~ 3 and C r &s (fi ) - C r 90 (po) = (-4.5 ± 0.5) • 10~ 5 . 
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1. Introduction 

Effective field theory is nowadays the standard tech- 
nique to investigate the low-energy dynamics of QCD. 
In particular, the chiral symmetry constraints encoded in 
Chiral Perturbation Theory (^PT) provide a very power- 
ful tool to access the non-perturbative regime through a 
perturbative expansion in powers of light quark masses 
and momenta [1, 2]. The precision required in present 
phenomenological applications makes necessary to in- 
clude corrections of 0(p 6 ) [3]. However, the large num- 
ber of unknown low-energy couplings (LECs) appear- 
ing at this order puts a clear limit to the achievable ac- 
curacy. A dynamical determination of these ^PT cou- 
plings is compulsory to achieve further progress in our 
understanding of strong interactions at low energies. 

A useful connection between ^-PT and the underly- 
ing QCD dynamics can be established in the limit of an 
infinite number of quark colours fllH. Assuming con- 
finement, the strong dynamics at Nc — > 00 is given by 
tree diagrams with infinite sums of hadron exchanges, 
which correspond to the tree approximation of some lo- 
cal phenomenological lagrangian 16J]. Resonance Chiral 
Theory (R^T) provides a correct framework to incorpo- 
rate these massive mesonic states within a phenomeno- 
logical lagrangian formalism [7, 8]. Integrating out the 
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heavy fields one recovers at low energies the ^PT la- 
grangian with explicit values of the chiral LECs in terms 
of resonance parameters. Since the short-distance prop- 
erties of QCD impose stringent constraints on the R^T 
couplings, it is then possible to extract information on 
the low-energy ^-PT parameters. 

Clearly, we cannot determine the infinite number of 
meson couplings which characterize the large-A^c la- 
grangian. However, one can obtain useful approxima- 
tions in terms of a finite number of meson fields. Trun- 
cating the infinite tower of meson resonances to the low- 
est states, one gets a very successful prediction of the 
0(p 4 Nc) ^PT couplings in terms of a few resonance pa- 
rameters [4]. 

Since chiral loop corrections are of next-to-leading 
order (NLO) in the 1 /Nc expansion, the large-A^c de- 
termination of the LECs is unable to control their 
renormalization-scale dependence. First analyses of 
resonance loop contributions to the running of _£J (ju) 
and L r 9 (ji) were attempted in ref. J9[] and ref. II 1 Ofl re- 
spectively. In spite of all the complexity associated with 
the still not so well understood renormahzation of R^T 
1 10|- 12], these pionnering calculations have shown the 
potential predictability at the NLO in l/Nc- 

Using dispersion relations we can avoid technicalities 
associated with the renormahzation procedure. Follow- 
ing these ideas, in lfl4ll we determined, respectively, the 
couplings Lg(yu), C r 3& (jj) and L r l0 (p), C r &1 (pi) at NLO in 
l/Nc- As a next step, we present here the study of the 
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vector form factor of the pion, which allows to perform 
a NLO determination of the related chiral couplings. 

2. The lagrangian 



Let us adopt the Single Resonance Approximation, 
where just the lightest resonances are considered. On 
account of large-A^c, the mesons are put together into 
t/(3) multiplets. Hence, our degrees of freedom are 
the pseudo-Goldstone bosons along with massive mul- 
tiplets of the type ), A(l ++ ), S(0 ++ ) and P((T + ). 
With them, we construct the most general action that 
preserves chiral symmetry. Since we are interested on 
the structure of the interaction at short distances, we will 
work in the chiral limit. With this simplification we do 
not loose any information on the LECs we want to de- 
termine, because they are independent of the light quark 
masses. 

The Resonance Chiral Theory must satisfy the high- 
energy behaviour dictated by QCD. To comply with this 
requirement we will only consider operators constructed 
with chiral tensors of 0(p 2 ); interactions with higher- 
order chiral tensors would violate the QCD asymptotic 
behaviour, unless their couplings are severely fine tuned 
to ensure the needed cancellations at high energies 111 211 . 

The different terms in the lagrangian can be classified 
by their number of resonance fields: 



£.r x t - £.x + y^ -£si + y^ -cri« 2 + 



(i) 



R\,Ri 



where the dots denote the irrelevant operators with three 
or more resonance fields, and the indices Rj run over all 
different resonance multiplets, V, A, S and P. The 0(p 2 ) 
XP7 lagrangian H, 



F 2 



(2) 



contains the terms with no resonance fields. The sec- 
ond term in (Q} corresponds to the operators with one 
massive resonance Q], 
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The lagrangian -£r,r, contains the kinetic resonance 
terms and the remaining operators with two resonance 



fields [7, 8, 10]. We show only the relevant operators for 
the vector form factor of the pion, taking into account 
that here we just consider the lowest-mass two-particle 
exchanges: two Goldstone bosons or one Goldstone and 
one resonance field (exchanges of two heavy resonances 
are kinematically suppressed), 



■CsA 

■Cpv 

-CvA 



iA pv ( [WPV^W), 

i4\[V» v , A va \lf) + i/lY^ [ V V„ v , A va ]u a ) 



+iA v 4 A ([V a V ftv ,A av ]u> 1 ) 

+a^ A av a v flv ,Anu a ). 



(4) 



The brackets (...) denote a trace of the corresponding 
flavour matrices and the standard notation defined in 
refs. O, [8[] is adopted. Note that our lagrangian -Lr x t 
satisfies the Nc counting rules for a theory with t/(3) 
multiplets, so that only operators that have one trace in 
the flavour space are considered. 

The R^T lagrangian ([1]) contains a large number of 
unknown coupling constants. However, as we will see 
in the next section, the short-distance QCD constraints 
allow to determine many of them. In the observable at 
hand and with our assumptions, we have nine couplings 
or combinations of them (F, Fy, Gy, F A , a, 
-2A v 2 h + A J A and 2A^ A - 2Aj A + Aj A +2A^ A ) and four res- 
onance masses (My, Ma, Ms and Mp). As we will see 
in section [3] after imposing a good short-distance be- 
haviour, the number of parameters has been reduced to 
three couplings (F, Gy and Fa) and three masses (My, 
Ma and Ms). The role of the information coming from 
the underlying theory is fundamental. 

3. The vector form factor of the pion 

Our observable is defined through the two pseudo- 
Goldstone matrix element of the vector current: 



( n + ( Pl ) n-{ P2 ) \4 1 ) = T(s) ( Pl - Pl f , 



(5) 



where Jy = | (uy^u - dy^d} and s = (p\ + p2) 2 - At 
very low energies, T{s) has been studied within the 
^PT framework up to 0(p 6 ) 0, Q. A first study at 
NLO within R^T and the 1 /Nc expansion was done in 
ref. EE 

It is important to remark the convenience of improv- 
ing the vector form factor at subleading order at inter- 
mediate energies. In ref. ifioll only operators with up 
to one resonance field were including, so that T{s) was 
bad-behaved at high energies, since it was not possible 
to get a proper form factor at high energies without the 
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inclusion of new operators. Furthermore, in the final re- 
sult of [ 10] there were free couplings, the equivalent res- 
onance couplings to the L 9 and (Css - C90) LECs. Now 
we know that we do not need to consider them as soon 
as the observable is well behaved at short distances lfl2Tl . 

Within Resonance Chiral Theory and at leading-order 
in 1 /Nc, one finds [7] 



T RxT (s) = 1 + 



F V G 



y(jy 



F 2 



Mi- 



te) 



Considering that the form factor is constrained to be 
zero at infinite momentum transfer [16], the vector cou- 
plings should satisfy FyGy = F 2 , which implies [7] 



T RxT (s) = 



M 2 V ~ 



(7) 



The subleading corrections can be calculated by 
means of dispersive relations. Once the NLO absorp- 
tive parts of Tr x t CO are known, one can reconstruct the 
full form factor up to appropriate subtraction terms, 



Tr x t (0 = 



M 2 v -s 



(8) 



being Af(s) the NLO contribution coming from the 
usual dispersive relation after imposing a good be- 
haviour at short distances, 



AT(s) = 



M 2 y~S 







dt 



ImT(t) 
t(t - s) 



(9) 



M 2 V 



where really the singular part of the integral at t 
has been subtracted. <5nlo is fixed by imposing that 
AT(s) vanish at high energies. Note that the rele- 
vant subtraction constant c, of next-to-leading order, has 
been reabsorbed into the tree-level contributions £nlo, 



F v G 'v 
F 2 



+ c 



1 + 6 



NLO • 



(10) 



Then the procedure we have followed to calculate the 
vector form factor at NLO has four steps: 

1 . Determine the spectral function of the considered 
absorptive cuts. 

2. Constraint the imaginary part to vanish at high en- 
ergies. We have imposed vanishing spectral func- 
tions channel by channel. In the case of the nn cut 
we have found two constraints, 



F V G 



y(jy 



3G 2 v + 2c 2 



(11) 



where the first one coincides with the LO con- 
straint. The second one is consistent with 11711 . ob- 
tained in the context of the nn scattering at LO. In 



the case of the Pn cut the only possible solution is 
killing all the contribution by means of /lj V , 



A™ = 0. 



(12) 



For the An cut there is no only one solution, and 
we have used the solutions consistent with lll3i[l4ll . 
where tree-level form factors to resonance fields as 
asymptotic states where studied in the context of 
the correlator U(s) = Ylyy(s) - Tl AA (s) at NLO, 



■2A V 2 A + A V 3 A 



0. 



Fa 
Fy 



F A Gy(M 2 A -4M 2 v ) 



iSA 



(13) 



3^M 2 A c d F v 

Note that after considering the relations ( fTTT i. ( TT2l > 
and ( fT3l the spectral functions can be expressed in 
terms of Gy, F A , F and masses. 

3. Now the spectral function is prepared for the dis- 
persive relation, which allows to reconstruct the 
full form factor up to 5nlo in eq. (|9). 

4. Finally, we impose that Tr x t{s) vanishes at short 
distances, what fixes <5nlo in < fT0b . 



4. The chiral couplings LJ&i) and C^Qi) - C r 90 (fx) 

The low-momentum expansion of T{s) is determined 
by^PTlSH: 

4 s 2 J r r r 88 ~ ^90 v 

F 4 C 88 ^90 32n2 X 



f-log^) + 0«)} + ^), 

(14) 

with r 9 = 1/4 0| and - r® = -2Z4/3 +L2/3- 

L 3 /2 + L 9 /4(ll. 

At LO in l/Nc and within ^PT, eq. (TBI becomes 

r xPT = 1 + |^9 - ^ (C 88 - C 90 ) + 0(s 3 ) .(15) 

Also at leading-order and now within R^T, eq. (O can 
be expanded at low energies, 



(16) 
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10 3 • L r 9 Qi ) 


10 5 • (q 8 0u o ) - q Ou )) 


This work 


7.6 + 0.6 


-4.5 ± 0.5 


ref. [2] 


6.9 ±0.7 




ref. [15] 


5.93 ± 0.43 


-5.5 ±0.5 


ref. [19] 


7.04 ± 0.23 




ref. [20J 


6.54 ±0.15 






5.50 ± 0.40 





The constraint of ( fTTT i implies that Gv < F/ V3, so that 
we take the range Gv e [40, 50] MeV. This gives the 
numerical prediction: 

L' 9 ( Mo ) = (7.6 ± 0.6) • 10~ 3 , 
C r S8 ( Mo )-C r 90 (uo) = (-4.5 ± 0.5) • 10- 5 , (20) 

being [Iq the usual renormalization scale, [Xq = 770 MeV. 



Table 1: Comparison of different determinations, with fig = 770 MeV. 
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The matching between (fT~5T > and ( TTBT l fixes Lg and Cs8 
C 9() at LO | 



2M\ 



Q 



88 



C90 



4A4 



(17) 



Using M v a 0.77 GeV and F =s 89 MeV, one gets the 
large-A^c estimates: L9 ^ 6.7 • 10~ 3 and Css - C90 — 
-4.5 ■ 10~ 5 . At yu = 770 MeV, the phenomenolog- 
ical determinations L' 9 (p. ) = (6.9 ± 0.7) ■ 10~ 3 Q EJ 
and Z^Ouo) = (5.93 ± 0.43) ■ lO" 3 , C r m (fx ) - C^Qxo) = 
(-5.5 ± 0.5) ■ 10~ 5 B15I1 . obtained respectively from a 
0{p A ) and a 0(p 6 ) ChPT fit, agree approximately with 
the LO estimates. 

Following the same steps as before, let us determine 
the related low-energy constants by matching eq. (fT4l 
and the low-energy expansion of eq. (0, 



n 



R X T 



1 + 



•12). 



32tt 2 
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(18) 



where are the relevant 0(s") coefficient of the low- 
energy expansion of AT{s), once the structure coming 
from the ^-PT one-loop diagram has been subtracted. 
Now it is straightforward to estimate the LECs: 



L r 9 (M 2 v ) = 



2M 2 V 



C 



C 



90 



(Ml) 



■(4) 



(19) 



We take the ranges H H] M v = (770 ± 5) MeV, 
M s = (1090 ± 110) MeV, M A = (1200 ± 200)MeV 
and F = (89 ± 2) MeV. From the observed rate 
r(fli -> Try) = (650 ± 250) keV JH], one is able to es- 
timate the vector-axial coupling, Fa = (120 ± 20) MeV. 
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